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In this paper, we present the cosmological scenario obtained from f(R, T ) gravity by using an
exponential dependence on the trace of the energy-momentum tensor. With a numerical approach
applied to the equations of motion, we show several precise fits and the respective cosmological
consequences. As a matter of completeness, we also analyzed cosmological scenarios where this
new version of f(R, T ) is coupled with a real scalar field. In order to find analytical cosmological
parameters, we used a slow-roll approximation for the evolution of the scalar field. This approx-
imation allowed us to derived the Hubble and the deceleration parameters whose time evolutions
describe the actual phase of accelerated expansion, and corroborate with our numerical investiga-
tions. Therefore, the analytical parameters unveil the viability of this proposal for f(R, T ) in the
presence of an inflaton field.
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I. INTRODUCTION
Einstein’s theory of General Relativity (GR) has made
a great impact on modern physics. The recent detection
of gravitational waves [1, 2] is a strong proof that GR is
a great tool to understand the behavior of gravitation in
the Universe.
With modern cosmological observations, we concluded
that our Universe is currently passing through a phase
of accelerated expansion [3–5]. Within standard ΛCDM
model of cosmology, the composition of the Universe is
essentially ∼ 5% baryonic matter, ∼ 25% dark matter
and ∼ 70% dark energy (DE), with the DE fluid being
capable of predicting the non-intuitive cosmic accelera-
tion [6, 7]. In fact, the ΛCDM model was introduced
in order to explain this phenomenon [8], for which Λ is
the cosmological constant inserted in the field equations
of GR. However, the same cosmological constant when
is evaluated from a particle physics approach expresses
a value many orders of magnitude different [9], which
leads us to search for some alternative path to match the
current observations.
Thereby, in recent works, theoretical physicists have
chosen to modify GR to approach the cosmic acceleration
[10–15]. Not only the late acceleration phenomenon has
been faced as a motivation for such new investigations
but also the unification with the inflationary primordial
Universe [16].
In the present paper, we will introduce a further al-
ternative model to approach the cosmic acceleration in
which the modification comes fundamentally at the grav-
itational action of GR. In our approach, the usual lin-
ear dependence on the Ricci scalar R found in Einstein-
Hilbert gravitational action is replaced by a general re-
lation of R and T , with the latter being the trace of
the energy-momentum tensor [17]. Such a generalization
generates extra terms in the field equations of the model
when compared to GR field equations and those extra
terms may, in principle, attend to some cosmological ob-
served features. There are other efficient generalizations
of GR, suchlike f(R) [18], f(G) [19] and f(Lm) theo-
ries [20], for which G stands for the invariant topological
scalar of Gauss-Bonnet and Lm is the matter-energy La-
grangian.
The application of these alternative theories in astro-
physical and cosmological phenomena has shown excel-
lent matching results with current observations. For
instance, by using a quadratic polynomial function of
R in the gravitational action, known as the Starobin-
sky model, it is possible to describe the early inflation-
ary phase of the Universe [21]. Also, studies on worm-
holes [22] and stellar models [23] were made under ex-
tended gravity. The application of f(R, T ) gravity turns
wide open not only the use of the Friedmann-Lematre-
Robertson-Walker cosmological metric [24, 25] but also
the Bianchi-type metric, which describes a homogeneous
and anisotropic fluid permeating the Universe [26]. In
such a theory, one can also find the analysis of the Go¨del
metric, known as the simplest metric that allows closed
time-like curves or time travels [27].
In this article, we intend to further contribute within
f(R, T ) gravity framework. We will investigate the
cosmological features of the f(R, T ) gravity by taking
f(R, T ) = R + αeβT , with α and β being constants. In
Section II we present the f(R, T ) = R + αe β T grav-
ity formalism. We analyze the cosmological features in
a matter-dominated scenario using the flat Friedmann-
Lematre-Robertson-Walker metric. Some cosmological
tests are applied to our model in Section III. Finally, in
Section IV we present the discussion of our results and
the final conclusions of this work.
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2II. COSMOLOGICAL FEATURES OF AN
EXPONENTIAL f(R, T ) MODEL
As initially proposed in [17], the total action of the
f(R, T ) gravity is expressed by
S =
1
16pi
∫
f(R, T )
√−gd4x+
∫
Lm
√−gd4x. (1)
In (1), g is the determinant of the metric tensor gµν . We
also consider the speed of light c and the Newtonian grav-
itational constant G as c = G = 1 through this article
for reasons of suitable simplifications.
By taking f(R, T ) = R + αe βT , the variation of (1)
with respect to the metric tensor is expressed as:
Gµν = 8piTµν + αe
βT
[
1
2
gµν + β(Tµν + pgµν)
]
(2)
in which the recovery of GR is clearly observed for the
case α = 0.
We shall consider a flat, homogeneous and isotropic
Friedmann-Lematre-Robertson-Walker metric in order to
construct our cosmological model, so that
ds2 = dt2 − a2(t)(dx2 + dy2 + dz2), (3)
where a(t) is the scale factor, which dictates how dis-
tances evolve during the Universe evolution.
By substituting (3) in (2) yields
3
(
a˙
a
)2
= 8piρ+ αeβ(ρ−3p)
[
β(ρ− 3p) + 1
2
]
, (4)
2
a¨
a
+
(
a˙
a
)2
= −8pip+ 1
2
αeβ(ρ−3p). (5)
Besides, in the above equations we have also considered
the energy-momentum tensor of a perfect fluid.
In order to solve Eqs.(4)-(5) we will invoke an equation
of state like p = ωρ, with ω being the equation of state
parameter. In fact, we will go further. We desire to check
if the extra terms in such an exponential model of gravity
are capable of predicting the cosmic acceleration with no
need for invoking the existence of an exotic fluid, such
as dark energy. To say that there is no dark energy (or
phantom fluid [28], quintessence [29, 30]) in the Universe
today is to say that ω = 0 in p = ωρ, that is, non-
relativistic pressureless matter dominates the Universe
dynamics today. By taking ω = 0 in (4)-(5), let us check
if it is still possible to predict an accelerated regime for
the Universe expansion.
A. Cosmological solutions
The condition ω = 0 yields to simplified versions of
the equations (4) and (5) so that, with a straightforward
algebra it is possible to reach a differential equation for
a(t). However, this previous differential equation turns to
be highly non-linear and solving it analytically becomes
infeasible. In this way, it is convenient to use numerical
solving methods. By applying a data table for the nu-
merical solution a(t), where t is running with intervals
of 0.2, into a graphic, it is possible to fit an appropriate
arbitrary function that contains the referred values. In
this way, it is possible to obtain the time evolution of the
scale factor in accordance with Fig.1.
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FIG. 1: Time evolution of the scale factor numerical solution,
where the white dots were obtained for β = 9.4, while the
black dots were obtained for β = −9.4.
The limited shaded area represents values in which a(t)
is mathematically valid, with β ∈ [−9.4,+9.4]. The con-
stant α = 1 is fixed for all range, since for other values
the solution may not occur.
Therefore our goal now turns out to be finding out an
appropriate fitting function that expresses analytically
such a behavior of the scale factor. Furthermore, once
the analytical form of a(t) is found, it is possible to verify
the cosmological parameters, namely Hubble and decel-
eration parameters, which are represented, respectively,
by H(t) = a˙(t)/a(t) and q(t) = −a¨(t)/a˙(t)H(t).
Under the mathematical perspective, any function that
contains approximately all the respective values of a(t)
and, at the same time, has the smallest standard devia-
tion, may be considered a suitable analytical expression
for the scale factor. The exponential behavior observed in
Fig.1 indicates that a fitting function like f(t) = A0e
A1t
should work for the scale factor. However, we shall
demonstrate that this is only one of the cases.
It is important to highlight that for the cases below we
use Ai, with i = 0, 1, 2, 3..., as arbitrary constants related
to each fitting function. Moreover, the results of each fit
come with an individual standard error and its relative
deviation from the numerical solution, represented by χ.
Therefore, the lower is the value of χ, the higher is the
precision of the fitting function in the plot of the numer-
ical solution.
1. An exponential fitting function
In the present case we consider a fitting function with
a simple exponential form as described by
a(t) = A0e
A1t +A2. (6)
3The fitting parameters for such a function can be seen
in Table I below and resulted in
χ = 6.566× 10−10.
Ai β = −9.4 β = 9.4
A0 × 10−3 1.151± 3.894× 10−4 1.126± 9.684× 10−5
A1 0.621± 3.484× 10−5 0.783± 8.847× 10−6
A2 × 10−5 −2.991± 5.864× 10−1 −2.747± 4.995× 10−1
TABLE I: Ai and respective standard errors for the exponen-
tial fitting function.
2. A polynomial fitting function
Since we have observed very small values for the arbi-
trary constant A1 in Eq. (6), we can infer that a poly-
nomial series such as
a(t) =
9∑
i=0
Ait
i (7)
should satisfy the numerical solution.
The referred values for the constants involved can be
seen in Table II and resulted in
χ = 3.896× 10−10.
Ai β = −9.4 β = 9.4
A0 × 10−4 9.989± 9.206× 10−3 9.666± 0.259
A1 × 10−3 1.019± 5.854× 10−3 1.685± 0.165
A2 × 10−3 −9.815× 10−2 ± 1.183× 10−2 −1.773± 0.333
A3 × 10−3 0.267± 1.056× 10−2 2.531± 0.297
A4 × 10−3 −9.287× 10−2 ± 5.011× 10−3 −1.435± 0.141
A5 × 10−4 0.302± 1.379× 10−2 4.975± 0.388
A6 × 10−6 −5.399± 0.227 −1.003× 102 ± 6.405
A7 × 10−7 6.447± 0.221 1.222× 102 ± 6.234
A8 × 10−8 −4.161± 0.117 −81.572± 3.300
A9 × 10−10 13.306± 0.261 2.470× 102 ± 7.322
TABLE II: Ai and respective standard errors for the polyno-
mial fitting function.
The main reason for choosing a ninth degree polyno-
mial function to fit the numerical solution is simply be-
cause it stands for the most precision fit. One should
expect a high polynomial degree since, as quoted above,
an exponential fitting function contains a very low value
for A1 such that the expansion in polynomial series is
worth. The outcome is clearly an accurate fit, with χ
of the same order of the previous case. However, for
this case, we are able to obtain the cosmological time-
dependent parameters
H(t) =
9∑
i=0
iAit
(i−1)
9∑
i=0
Aiti
, (8)
q(t) = −
9∑
i=0
i(i− 1)Aiti−2
9∑
i=0
Ait
i
(
9∑
i=0
iAiti−1
)2 . (9)
We can observe the graphical behavior of (8) and (9)
in the following Figures 2-3.
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FIG. 2: Time evolution of the Hubble parameter for the poly-
nomial fit.
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FIG. 3: Time evolution of the deceleration parameter for the
polynomial fit.
From Fig.2, the expected behavior H(t) ∼ t−1 is
clearly observed. In Fig.3 one can notice the transition
from a decelerated (q > 0) to an accelerated (q < 0)
phase of the Universe expansion for β = −9.4.
3. A trigonometric fitting function
Here we will present another fitting candidate, namely
a trigonometric function, expressed by
a(t) = A0 sinh(A1t) +A2. (10)
As it is known, hyperbolic functions can be described as
combinations of exponentials. Therefore, such a fitting
function should be also intuitive suchlike (6). The values
4found for the free parameters can be found in Table III
and yield
χ = 3.943× 10−8.
Ai β = −9.4 β = 9.4
A0 × 10−3 2.269± 5.607× 10−3 2.245± 1.561× 10−3
A1 0.624± 2.547× 10−4 0.783± 7.151× 10−5
A2 × 10−4 4.043± 0.452 2.631± 0.403
TABLE III: Ai and the respective standard errors for the
trigonometric fitting function.
From such a trigonometric function, it is possible to
see a precise fit, with low error values for the constants
Ai and, most importantly, a small deviation from the
numerical solution as it can be seen from the χ value.
This model yields the following cosmological parame-
ters:
H(t) =
A0A1 cosh(A1t)
A0 sinh(A1t) +A2
, (11)
q(t) = − sech(A1t) tanh(A1t) [A0 sinh(A1t) +A2]
A0
. (12)
The evolution of such quantities in time can be seen in
Figs.4-5.
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FIG. 4: Time evolution of the Hubble parameter from the
trigonometric fit.
4. A power law fitting function
In this case we fit our numerical solution for the scale
factor with a power law function such as
a(t) = A0t
A1 +A2. (13)
Such a function is normally seen in the text books of
cosmology [31], to describe the different dynamical stages
of the Universe evolution, each of them for a different
value of A1.
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FIG. 5: Time evolution of the deceleration parameter from
the trigonometric fit.
The values obtained for the referred constants can be
seen in Table IV below and have yielded to
χ = 2.457× 10−5.
Ai β = −9.4 β = 9.4
A0 × 10−7 1.559× 10± 2.317 2.210± 0.345
A1 5.554± 6.540× 10−2 7.095± 6.831× 10−2
A2 × 10−3 7.861± 1.083 21.431± 3.899
TABLE IV: Ai and respective standard error of the power law
fitting function.
For this case, the cosmological parameters are analyt-
ically described by
H(t) =
A0A1t
(A1−1)
A0tA1 +A2
, (14)
q(t) = − (A1 − 1)(A0t
A1 +A2)t
−A1
A0A1
. (15)
The graphical behavior of these quantities can be seen
in Figs.6-7 below.
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FIG. 6: Time evolution of the Hubble parameter from the
power law fit.
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FIG. 7: Time evolution of the deceleration parameter from
the power law fit.
One may observe unusual behaviors in both figures
above. In Fig.6 for t ≥ 4, the well expected decreas-
ing behavior of H(t) is obtained, as well as a constant
value for high values of time, which should be expected
in an accelerated expanding Universe, as we are going
to revisit below. However, for t < 4 the Universe de-
creases its length scales, which could indicate a bounce
cosmological model [32, 33]. Anyhow, we should discard
this model based on Fig.7, which presents an always-
accelerated expanding Universe, which strongly departs
from the structure formation scenario [31].
III. EXPONENTIAL DEPENDENCE AND
SCALAR FIELD COSMOLOGY
In this section we use the coupling between a real scalar
field Lagrangian with the previous f(R, T ) function in or-
der to find analytical cosmological scenarios. If we con-
sider a standard scalar field Lagrangian given by
Lm = L = 1
2
∂µφ∂
µφ− V (φ) , (16)
where φ = φ(t) also known as inflaton field. By working
with such a Lagrangian, we have the following compo-
nents of the energy-momentum tensor
ρ =
φ˙2
2
+ V (φ) , (17)
and
p =
φ˙2
2
− V (φ) . (18)
So, taking these previous ingredients into the Friedmann
Eqs. (4), and (5) we yield to
H 2 =
8pi
3
(
φ˙ 2
2
+ V
)
(19)
+α
[
1
2
− β
(
φ˙ 2 − 4V
)]
e−β (φ˙
2−4V ) ,
and
H˙ = −4pi φ˙ 2 + αβ
(
φ˙ 2 − 4V
)
e−β (φ˙
2−4V ) . (20)
One can see that the standard cosmological scenario in
the presence of a background scalar field is recovered if
α = 0. Moreover, the time-dependent scalar field φ(t)
must obey the equation of motion
(1− 2 f ′)
(
φ¨+ 3H φ˙
)
− 2 f˙ ′ φ˙+ (1− 4 f ′) Vφ = 0 ,
(21)
which can be rewritten as
φ¨+ 3H φ˙+ Vφ − 2αβ e−β (φ˙ 2−4V ) (22)
×
[(
1 + β φ˙
)
φ¨+ 3H φ˙− 2
(
1− β φ˙
)
Vφ
]
= 0 .
A. Slow-roll approximation
One way to find analytical behaviors for the cosmologi-
cal parameters consists in work with the slow-roll regime,
where we consider the following approximations
φ¨ = 0 ; φ˙ 2 << V ; β ≈ 0 , (23)
therefore, Eqs. (19), and (20) are simply given by
H 2 =
(
8pi
3
+ 6αβ
)
V +
α
2
, (24)
and
H˙ = −4pi φ˙ 2 . (25)
Moreover, the equation of motion for the scalar field is
reduced to
3 (1− 2αβ) H φ˙ = − (1 + 4αβ) Vφ . (26)
By combining the previous results we yield to the fol-
lowing constraint
1 + 4αβ
3 (1− 2αβ) =
1
3
+
3αβ
4pi
, (27)
which imposes the solutions
α = 0 ; α =
3− 8pi
6β
. (28)
We can see that the solution α = 0 recovers the standard
slow-roll approximation for general relativity, while the
other one allows us to account for new effects, which are
related with the trace of the energy-momentum tensor.
Now, let us find some physical cosmological parameters
by taking a Klein-Gordon potential, which means
V =
m 2
2
φ 2 + V0 , (29)
where m, and V0 are real constants. So, (24) results in
H 2 =
8pi − 3
12β
+
(9− 16pi)
6
(
m 2 φ 2 + 2V0
)
, (30)
where in the last equation we changed β → −β in order
to derive real parameters. Then, taking the Hubble pa-
rameter into the equation of motion (26), and considering
an expansion around β ≈ 0, we obtain
φ˙ ≈ c1 φ 2 ; c1 = − (16pi − 9)
√
β
4pi
√
24pi − 9 m
2 , (31)
6whose solution is
φ(t) = − 1
c1t+ c2
. (32)
Let us go back to (30), and rewrite it as
H(t) ≈ (16pi − 9)
√
β
(
m2φ2 + 2V0
)
2
√
24pi − 9 −
√
8pi
3 − 1
2
√
β
, (33)
where we consider an expansion around β ≈ 0. There-
fore, taking the field φ(t) into the last expression yields
to
H(t) =
(16pi − 9)β
(
2V0 +
m2(
c2+
(9−16pi)√βm2t
4pi
√
24pi−9
)2
)
+ 3− 8pi
2
√
24pi − 9√β ,
(34)
representing an analytical form for the Hubble param-
eter. The features of H(t) can be appreciated in Fig.
8, which shows that the Hubble parameter is decaying
as time passes by. Moreover, after a long period, this
parameter becomes approximately a positive constant,
such a feature corroborates with the actual phase of ac-
celerated expansion. As a matter of completeness, we
also depicted the graphic for the deceleration parameter,
which is shown in Fig. 9. We also would like to point
out that we did not include the analytical expression for
q because of its size.
As one can see, the previous parameter starts in q ≈ 1,
which is expected at the radiation era, after that, the
parameter gradually evolves to negative values. As time
passes by, q goes to 0.5 corresponding to the matter era,
and finally decays to −1 which is consistent with the dark
energy regime.
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FIG. 8: Time evolution of the Hubble parameter for the slow-
roll approximation. In this graphic we considered c2 = −11,
β = 0.01, V0 = 26.823, and m = 2.
IV. DISCUSSION AND CONCLUSION
In this paper, we have proposed an alternative model
for f(R, T ) theory of gravity, based on an exponential
function of the trace. Although the ΛCDM as a cosmo-
logical model shows agreement with current observations,
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FIG. 9: Time evolution of the deceleration parameter for the
slow-roll approximation. In this graphic we considered c2 =
−11, β = 0.01, V0 = 26.823, and m = 2.
it also presents theoretical shortcomings [9, 34], where
the need for an exotic matter is claimed and shallowly
understood [35].
The f(R, T ) theory stands with wide analysis and
application, suchlike compact massive objects [23, 36],
anisotropic and homogeneous metrics [26, 37], perspec-
tive through the inflationary era [38], among other in-
vestigations. Therefore, the modified gravity express a
viable path on cosmology, once it is in agreement with
observable parameters, besides it can be applied to sev-
eral interesting scenarios.
Introducing the modified theory of f(R, T ) [17] and its
viability in section I, where R is the Ricci scalar and T ,
the energy-momentum trace, we proposed an unprece-
dented algebraic function to current literature. It is rel-
evant to inform that an exponential dependence was in-
vestigated only for f(R) theories, as we can see in [39].
Taking the usual FLRW metric, the mathematical im-
plication of using this expression in the Einstein-Hilbert
action of gravity is carefully analyzed in section II. The
Friedmann equations (4), and (5) are presented with a
highly non-linear behavior for such a case. Herewith we
use the intuitive EoS of matter regime (ω = 0), where a
null pressure is considered.
The consideration of a null pressure EoS leads to a
numerical method on finding the solution for the scale
factor, integrating the Friedmann equations. In Fig. 1
we plotted the numerical integrations of the scale factor,
taking appropriate conditions on both α and β parame-
ters. This graphic also presented a wide range of valid
solutions for a(t). Moreover, Fig. 1 unveils that a(t) gen-
erates a nice cosmic growth, which is extremely suitable
from the cosmological framework. To obtain the ana-
lytical expression from the numerical approach, we have
declared several fits, either by mathematical or physical
convenience on cosmology. The precision of each fitting
function is analyzed by its respective χ value.
An exponential fit is highly intuitive, expressing the
most precise fitting function, and whose parameters are
presented in Table I for χ ∼ 10−10. Another possible
path for fitting a(t) is through a polynomial function, as
shown in Eq. (7), where the sum is stopped at i = 9
for a matter of precision. We have derived the Hubble
and deceleration parameters for this case, which are pre-
7sented in Figs. (2) and (3), respectively. These graph-
ics show not only agreement with both theoretical and
observational data [6, 40], but a wide range of validity
in which β ∈ [−9.4,+9.4]. Following our numerical ap-
proach, we made also a trigonometric fit which yields
us to nice and precise values for the fit candidates, as
one can see in Table III for χ ∼ 10−8. In this scenario,
we find a well-behaved transition from null to acceler-
ated cosmic phase, whose features are presented in Fig.
5. Such a transition corroborates with predictions of a
de-Sitter description for the Universe [41–43]. Last but
not least we have used a power-law fitting function, as
shown in Equation (13). This function is commonly used
in standard cosmology as one can see in [31]. For this
fit, we find the least precise function, whose parameters
are shown in Table IV for χ ∼ 10−5. Furthermore, al-
though the deceleration parameter recovers the de-Sitter
Universe (q → −1), Fig. 7 indicates that the Universe
has been always under accelerated expansion. Meanwhile
from Fig. 6 we observe a noteworthy bounce, leading to
cycling cosmological model [16, 44].
As another test for the viability of this new proposal
for f(R, T ) gravity, we investigated the cosmological pa-
rameters derived from its coupling with a real scalar field
(or inflaton field). There, we were able to find the Fried-
mann equations as well as the equation of motion for
the scalar field. Once such differential equations were
highly non-linear we were impelled to use the slow-roll
approximation to derive analytical cosmological parame-
ters. The cosmological scenario produced can be seen in
Figs. 8 and 9, and corroborates with the actual phase of
accelerated expansion our Universe passes through. The
behaviors of the analytical parameters are in agreement
with our numerical tests for polynomial and trigonomet-
ric fits, as one can see in Figs. 2 - 5. Moreover, in
Fig. 9 we presented a nice continuous transition between
matter (q ∼ 0.5) and dark energy (q ∼ −1) regimes, re-
producing the outcomes from numerical calculations with
polynomial fit.
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